Konigsberg:
A Hidden Key to Graph Theory’s Door

February 21, 2024, Koper, Slovenia
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Close YouR EYes Awnp THiNK ARouT A ReALLY BIiG MAP

SHowiNG EVERYy CiTYy ON EMLTH!




You Wouth HAVE A HARD TiME TindiNG A

PLACE CALLED KONiGS BERG ...
N\NAANANAANAA N



BuT ONE PARTICOLAR CHARACTERISTIC OF =TS GeoGraPhY,
HAS MAde =T ONE OF THE MOST FAMous CiTies

IN MATHeMATICS |




"




TN THE Midbdle OF THe ciTy, THere Are Two BIi6 ISLANDS.
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A MATHEMATICIAN WHo LATER BECAME THE MAYOR OF

A NEARRY Town




oo GREW OBRSESSED WiTH
THESE ISLANDS AND BRIDGES ...




Which route would allow someone

7 bridges

> crossing
any of them more than once?
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BuT ATTEMPTING

To EXPLAIN WHY ...



o o

\

LEb A FAMOUS

MA THEMATI CIAN ...



To INVENT A NEwW

FieLD OF MATHEMATICS.
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CARL WRoTE To EUVLER
For HeEL? With THe YRoolLEM.
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EULER TiRST DISMiSSED THE QUESTION

As HAVING NOTHING TO Do WiTH MATH.
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EULER KEPT THINKING Ans THiNvkING ...
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AND 1T SeeEMED LiKE THERE

MIGHT BPE SOMETHING THERE ...



THhe ANSWER He CAmMe UP WiTw

Hab TO Do  WiTh



A TYPE OF (GeoMETRY ...




FULER TiGURED OUT THAT IT DoES NOT MATTER Wricw
WAY You Go WHeN You ENTER AnND LEAVE
AN (SLAND OR  RIVER BANK ...



NORTH BANK

SOUTH BANK

THe MAP CoulDdD BE SIMPLIFIiED ...
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. WiTH EACH OF THE FouR LANDMASSES
RePreSenTed A5 A SiNGLE PoinT ..



. WITH LINES BETWEEN THeM
To ReEPRESenT The BRAIDGES.



THiS SiMpLiFieD OGraPr Allows Us To EASiLY

CounT THe Decree OF EACH NObe



WHY Do THE DeGrees MATTER?




WHEN TRAVELLERS GeT To A LANDMASS
USING TusT ONE DBRidGE



THEY WouLd HAVE T©O LEAVE T

ViA A DiFFekenT BRIDGE.



cvell

to from

THE NUMBER OF BRIDGES TOUCHING EACH
| ANDMASS ViSiTED MUST ®E ...



THE ONLYy YossiBLE EXCEPTIONS WoUlb Be

THe LOCAT\ON OF THE Be6iNNING AND END OF THE WALK



LookiNGg AT THE GRAPH, WE OBSERVE THAT
ALL TouR NODES HAVE AN ODD DEGREE.
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NO MATTER WHicH PaTh is CHoSen,
AT Somg YoinT, A BRIiDGE Will HAVE To BE CROSSED T WICE
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FULER USED THIS PRooF To TFORMULATE

A GeneraL THEORY ...



THE KONicSBERG BRiDGe PRoBLEM
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DEFINITION

A GrepH G s A TRIPLE CowsisTING of A VERTEX SeT V(6) , AN
EpGe SeT E(6), Awd A RELATION THAT ASSOCIATES WITH EACH EDGE

Two VERTIceS (NoT NECESSARILY DisTiNeT ) CALLeD TS ENDPOINTS.

REMARK

WE DRAW A GRAPH ON A PAPER By PLACING EACH VERTEX AT A POINT

AND REPRE SenTiNG EACH  €EDGE BY A CUWRVE ToiniN® THE LOcCATIONS
OF TS ENDPINTS.,




THE KONieSBERG BRiDGe PRoBLEM

REMARK

THis GrapH G HAS VERTEX SeT V(6) = {x,¥ 2, W},

THe EDGE SeT IS E(6)=4€162.€3.6,65,€c,63Y, Avd ThE
ASSIGNMENT OF ENDPOINTS To EDGES CAN BE ReAd FRom THE RcTWRE.




REMARK

NOTE THAT EDGES €4 AW €, HAvE TKE SAME ENBPOINTS ; As
Do € And €y . AlSo IF We HAD A BRiDGE OVER AN TNLET,

THeN =ITS ENDS WouLd> B JFIN THE SAME LAND MASS .

WE HAE APPROPRIATE TERMS For THesE TYPeS

OF EDGES iN GRAPHS ...



DEFINITION

A LooP iS AN EDGE WHOSE ENDPoiNTS ARE EGUAL.
MULTiPLE EbGes ARe €ebees HAving THE SAME PAIR OoF ENDPOINTS.

TRONIGSBERGH
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DEFINITION

A SiMPLE GRAPH 1S A GRAPH HAViNG NO LooPs ©OR MULTIPLE EDbdGes.

REMARK

WE SPECIFY A SIMPLE GRAPH BY TS VERTEX SET AND EDSE SET , TREATING THE
ED6T SeT AS A SET OF UNORDPERED PAIRS OF VERTICES AND WRiTING &€ = UN

[0R €= SU) Fop AN EPGE € WiTH ENDPONTS U Awd .

DEFINITION

Two VERT\ceES ARe ADIACENT OR NEGHBouRS WHEN THeY ARe THe ENDPOINTS OF AN EDGE.

DEFINITION

A GrAapH IS TINITE IF TS VERTEX SET AND EDGE SET ARE FiNIiTE.

REMARK

EVERY GRAPH MENTIONED IN THIS LecTuRE 1S  FINITE AWD SiMPLE.



V(6) = | AiBiC) P

E (G) = {4.‘%30 H.S,é,ﬁ&ﬂ,%k
Vetrtices B aw C  Aee ABTACENT
( A T Ae MuLTife  EpsES

2 An> 3 ARe  LooPs,

G is TINTE BPuT NoT SiMPLE.

VU’D = )\1A|B|C'b&
EWH) = { AABY | ABicty faidy, {A;D‘Ik

B aw D ARe
NEiGHBouRS OF A-

(3 is TFTiniTE AN® SiMPLE,



Some SPeciAaL SimPLe (GRrAPAS
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DEFINITION

A PATH is A SiMiLe GRAPH WHoSE VERTICES CAM BE ORDERED So THAT
Two Vettices Are ADJIACENT IF And onty IF THeY ARE ConsecuTive [N THe LisT.

f\zé/x; |

A PATH oF LeNGTH 6

MW~ N —e, O~




Some SpPeciAL SimPLe GRAPHS
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DEFINITION

A CyCLe Is A GRAPH WITH AN EQUAL NUMBER OF VeRticeEs AMD ED6GES
WHoST  VERTIcES CAN BE PlAce ARound A CiRCLE SO THAT TwO VERT{CES

ARe  Ab SAceNT IFE Aw> ONY ITF THEY APPEAR  CoNSECUTIVELY Alone  THE CYCLE,

c<>

A CycLe oF LlenNeTh 6
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Some SpPeciAL SimPLe GRAPHS
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DEFINITION

TForR EACH NATURAL NUMBER M, THe EDGELESS GRAPH Sm 1S THE ORAPH
With M VERTICES AnND 28RO ED6EES.




Some SpPeciAL SimPLe GRAPHS

AN SN AN
ANANNT AN

DEFINITION

For EACH NATURAL NUMBER M, The COMPLETE GrAPH Kw 1s THE ORAPH
wWitTh m VERTICES TN WHICH ®BVERY PAIR ©OF DisTincT VERTices | ConneECTED
BY A OUNIQue £&bét.




Some SpPeciAL SimPLe GRAPHS
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DEFINITION

A GraPH 1S BIPARTITE ITF WE ONLY REQUIRE TWO CoLORS For
COLORING iTS VERTICES IN SUCH A WAY THAT AD3IACENT VERTICES

RE ceivenr  diFFerenT ColoRs,







%s OF ObD La\le‘rﬂ

R

NoN — BiPARTITE




THEOREM ( kdnic |, 1936 )

A GRATH IS BiPARTITE IF AW OnLY TR IT HAs NO CyCLEes

OF ODD LeNGTH.




THE KONicSBERG BRiDGe PRoBLEM

A S NN

Which route would allow someone
to cross all 7 bri

L | - ’
Yare U 1A
s l B -

crossing
ny of them more than once?




A WALK THROUGH THe O
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[AI4IBO 5, /4)B2,A,5,b, % C.]



DEFINITION

A WALk IN A GRAPH iS5 A SEQUENCE Of VerTices And EbGes
181 e, S €5, . ) Shy8h, Shyy |

SUCH THAT THe ENDPINTS OF EDGE € ARe i AND RNijpq (14i41h).
TITEFE &q = Skiq THE WALK iS A Closedb WALK o A CiRCuIT.

.
[A|4|B| 3|C|L'|B'7-,A,5'D':)',C,]



DEFINITION

A GRAPH is ConneEcTel WHeweEer. THerE EXxisT A WALK CONNECTING
Any  TwO  VERTICES. |

DEFINITION

THe DEGREE OF A VERTEXx IS THE NUMBew OF TiMgs THAT AN EDGE
TOUCHES THE VERTEX .

OuR Grarn is  Cowmwvecren.

THe Decpgee oF A is 3.

THe DOecree oF B is 5.
THE TDEGREE ©F C is 3.
THe DeEGReE oF D is 3.




THE KONieSBERG BRiDGe PRoBLEM

SO N

A SucessfuL WALK  IN KONi6SBERG CORRESPoND ToO A
WALK TN THE GRAPH IN WHICH EVERY Ebbe Is USED EXA<TLY owce.



A WALk IN A ORAPH IN WHICH EVERY edéE us UsSed
A~ ~ —_ — S N e— AN NN /\/V\-
EXACTLY ONCE ...
/\M’

EULERIAN

CiRCO\T

Y
EVLERIAN WALK




T MAGINE WE HAve A WALk Tn A CownnecTed GrAPH  WHERE
EVERY Vertex is USED EXACTLY ONCE.

EULERIAN CiRCUIT

AAAAMANNANNAS S N

AT EveRy VERTEX OTHER Than THE Commown
STARTING And ENDING POINT ;| WE CoME INTO

THe VeERTEX ALONG ONE EDGE AND Go OuT
ALonGg A NO THeER (THis CAN HAPPEN MORE THAN omce)_




T MAGINE WE HAve A WALk TN A CoOwnnecTed GrAPH  WHERE
EVERY Vertex is USED EXACTLY ONCE,

EULERIAN CiRCUIT

AAAAMANNNNANAS S N

SiNCE WE CANNOT USE EDGEES MORE THAN ONCE,
THz NUMBER OF EDEES THAT TouCcH EVERY

VERTEX MusT BF W




T MAGINE WE HAVE A WALK Twn A Cownzcten GrApk  WHERE
EVERY Vertex is USED EXACTLY ONCE.

EULERIAN CiRCUIT

AAAAMANNANNANAS ST e

T HE COMMON STARTING ANd ENDiING PoinT MAY BE
ViSiTED MORE THAN ONCE. EXCEPT For THE
VERY TIRST TIME WEe LeAlE THE STARTING

VERTEX | AND THeE LAST TiME WE ARRIVE AT THE
VERTEX ;, EACH SVCH VI5iT USES EXACTLY 2 EDGES.




T MAGINE WE HAve A WALk Tn A COnNECTED GeAPt  WHeRE
EVERY Vertex Is USED EXACTY ONCE ,

EULERIAN CiRCUIT

W

THE STARTING VERTEX MuUsST BE ToOucKHeD
Y AN EVEN NUMBER OF EDGES.




T MAGINE WE HAvE A WALK Twn A CownecTed GrAPK  WHERE
EVERy Verrex is USED EXACTLY  ONCE.

EULERIAN CiRCUIT

AAAAMANSANNAS S e

EVERY VerRTtex MysT BE ToucHeD
Y AN EVEN NUMBER OF EDGES.
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THE KONicSBERG BRiDGe PRoBLEM
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ERTice HAVE ©ODD DEGREE
f\\}l’ \/ R > AN AN AL

THe DeSIiRed WALK DoeS NOT Ex‘\ST_I”




THEOREM

IF G is A CconNecTed GRAPH ) THeN (G ConTAING AN EULERIAN
C{RCLUIT TF AnD ONLY ITF EVERY VERTEX HAS EVEN TDEGREE,
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T MAGINE WE HAVE A WALK Tn A Cowvected GrAPk  WHeRE
EVERYy Vertex is USED EXACTLY ONCE.

EULERIAN WALK

AAAAMANNANNANS S e

THEOREM

A ConNEcTed GrAPH O HAs AN EULERIAN WALK IF AsdD ony IF
EXACTLY TwO VERTICES HAVE OBD DeEGReE ,




THE KONieSBERG BRiDGe PRoBLEM

O N

Pmpeaety

VeRTices Have obo  DEGREE
N\ — N— NN A2 O

THe DesSiRed WALK DoeS NOT Ex‘\ST_’”
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How Mi6HT You CReAve A DESIRED

WALK N KONiGS BERG 7



EEKENEGSBERG BRiDGe PROBLEM
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ANY TwO VERTICES HAVE ODD DEGREE.



THE KoNiesBeRG BRibGe PRoBLEM
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Ab> /| DELETE AN EDGE BETWEEN

ANY Two VERTICES



THE KONicSBERG BRiDGe PRoBLEM

SO N
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THIS WilL Give US A GRAPH WiTW 4 VERTIcES
WHERS EXACTLY Two OBD VERTICES

(ANd> Two EVEN VERTIcCES )



AN N

THE KoNiesBERG BRibGEe PROBLEM

Rl —

A T e 4, oo pen = .

SOCH A GRAPH WiLL HAVE
Anv  EuLeriAN WALK...



T+ TURNS O0T THAT HISTORY
CAEATED A EULERIAN WALKOF iTS OWN




DUainG Worlp WAR IL, THe SovieT Aik Fowrce
DESTRoYED Two OF THE CitYys BRiDGES
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PuT TO BE TAIR, THAT Yro®ABS LY

WAS NOT THEIR INTENTION
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KONIGS BERG WAS LATER REBWilT AS THE
RUSSIAN CiTY OF KALININGRAD.
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SO WHILE KoNicsBERG AnD He® SeveN BRib&ES

ANY MOorE ...

NOT BE AROUND

MAY



THEY WilL BE FAMOUs in HisTorRy ©ECAUse oF
A SiMPLE PuZZLE THAT MARDE A NEW
kKinD oF MATHI



WiTHOUT LiFTiNG The Pewncil
NANANAN AN NAANAN NN~ AN




WiTHOUT LiFTinG The Yencil
AN\ ANAN ANANAANAN NN A AANA




WiTHouT LiFTinG The Pewncil
NN ANAN AN NANA~ A AAANAN




WiTHOUT LiFTinNnG The TPewncil
NN\ANANAN ALNAANAN NA— A AANA




WiTHOUT LiFTinG The Pewncil
NAN\ANAN ANANAANAN NAA AN




WiTHOUT LiFTinNnG The Pewncil
NN\ANAN ANANAANAN NANA~ AAAAN\A




WiTHOUT LiFTinNnG The Pencil
ANANAN AN AN~ AN




WiTHouT LiFTinG The Pewncil
NN ANAN AN NANAA A AANAN

. A




WiTHouT LiFTinG The Pewncil
ANN\ANANAN AN AN~ AN~




WiTHouT LiFTinG The Pewncil
AN\ANANAN AN AN~ AN~
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THANK You!



